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Abstract. We give a simple effect system for non-deterministic pro-
grams, tracking static approximations to the multiplicity of results that
may be produced by each computation. A relational semantics for the
effect system establishes the soundness of both the analysis and its use
in effect-based program transformations.

Dedicated to Philip Wadler on the occasion of his 60" birthday.

1 Introduction

Some years ago, Wadler showed [22] how type-and-effect systems, a form of
static analysis for impure programs that was first introduced by Gifford and
Lucassen [11,15], may be re-presented, both syntactically and algorithmically,
in terms of a variant of Moggi’s computational metalanguage [16] in which the
computation type constructor is refined by annotations that delimit the possible
effects of computations. In the same conference as the first version of that latter
paper was presented, two of us described an optimizing compiler for Standard
ML that used just such a refined monadic metalanguage as its intermediate
language, inferring state, exception and divergence effects to enable optimizing
transformations [5].

“That’s all very well in practice,” we thought, “but how does it work out
in theory?” However, devising a satisfactory semantics for effect-refined types
that both interprets them as properties of the original, un-refined terms, and
validates program transformations predicated on effect information proved sur-
prisingly tricky, until we adopted another Wadleresque idea [21]: the relational
interpretation of types. Interpreting static analyses in terms of binary relations,
rather than unary predicates, deals naturally with independence properties (such
as secure information flow or not reading parts of the store), is naturally exten-
sional, and accounts for the soundness of program transformations at the same
time as soundness of the analysis [2]. We have studied a series of effect systems,
of increasing sophistication, using relations, concentrating mainly on tracking
uses of mutable state [8,7, 6].

Here we consider a different effect: nondeterminism. Wadler studied nonde-
terminism in a famous thirty-year-old paper on how lazy lists can be used to
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program exception handling, backtracking and pattern matching in pure func-
tional languages [20], and returned to it in his work on query languages [18].
That initial paper draws a distinction between two cases. The first is the use
of lists to encode errors, or exceptions, where computations either fail, repre-
sented by the empty list, or succeed, returning a singleton list. The second is
more general backtracking, encoding the kind of search found in logic program-
ming languages, where computations can return many results. This paper is in
the spirit of formalizing that distinction. We refine a nondeterminism monad
with effect annotations that approximate how many (different) results may be
returned by each computation, and give a semantics that validates transforma-
tions that depend on that information. To keep everything as simple as possible,
we work with a total language and a semantics that uses powersets, rather than
lists or multisets, so we do not observe the order or multiplicity of results. The
basic ideas could, however, easily be adapted to a language with recursion or a
semantics with lists instead of sets.

2 Effects for Non-Determinism

2.1 Base Language

We consider a monadically-typed, normalizing, call-by-value lambda calculus
with operations for failure and non-deterministic choice. A more conventionally-
typed impure calculus may be translated into the monadic one via the usual
‘call-by-value translation’ [4], and this extends to the usual style of presenting
effect systems in which every judgement has an effect, and function arrows are
annotated with ‘latent effects’ [22].

We define value types A, computation types T'A and contexts I" as follows:

A, B :=unit | int | bool | AXx B| A —TB
Ii=x1:A,...,2n: A,

Value judgements, I' + V : A, and computation judgements, I' = M : TA,
are defined by the rules in Figure 1. The presence of types on lambda-bound
variables makes typing derivations unique, and addition and comparison should
be considered just representative primitive operations.

Our simple language has an elementary denotational semantics in the cate-
gory of sets and functions. The semantics of types is as follows:

[unit] =1 [int] =Z [bool] =B [A x B] =[A] x [B]
[A—=TB] = [A] = [TB]  [I'A] = Psn([A])

The interpretation of the computation type constructor is the finite powerset
monad. The meaning of contexts is given by [x1 : A1,..., T, @ Ax] = [4A1] %
- X [A,], and we can then give the semantics of judgements

[CFV:A]: [I—[A] and [IFM:TA] : [ — [T4]
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I'Fn:int I'+b:bool I' () : unit Nz:AkFzx: A
I'Vi:int I'F V5 :int I'Vi:int I'F V5 :int
I'FVi+Vs:int I'Vy > V3 :bool
I'=vi:A I'tV2:B I'FV:A x A
I'-(MWi,Va): Ax B I'tmV:A;

INe:AFM:TB I'rVi:A—TB I'FVW:A I'cFVv:A
I'FXxe:AM:A—TB I'=VviVa:TB I'kvalV:TA
I'-M:TA TINz:AFN:TB I'FVi:bool I'FM:TA I'FN:TA
I'Fletz<=Min N :TB I'if V then M else N : TA

I'EM,:TA I'FM;:TA

I'fail: TA I'-MyorM>;:TA

Fig. 1. Simple computation type system

inductively in a standard way. The interesting cases are

[FTEvalV :TAJp={["FV:A]p}
H.Z—"_lethMinN]]p:Uq)EIIF"MA]]p[[Fvl"AFN.TBH (pv/())
[+ fail:TA]p=10
[’ MyorMy:TAJp=([I'+ M : TA]p)U([I"F My : TA] p)

So, for example

[F let f«<val (Az: int.if x < 6 then val z else fail) in
let x<vallorval2inlet y<val3orvaldin f(x +y): Tint] = {4,5}

The semantics is adequate for the obvious operational semantics and a contextual
equivalence observing, say, the set of unit values produced by a closed program.

2.2 Effect system

We now present an effect analysis that refines the simple type system by an-
notating the computation type constructor with information about how many
results a computation may produce. Formally, define refined value types X,
computation types T. X and contexts © by

X,Y :=unit | int |bool | X XY | X - T.Y

e € {0,1,01,1+ N}
O:=x1:X1,....25: X,
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X<Y Y<Z X<X YvY<VY

X<X X<z XxY <X xY
X' <X T.YLST.Y e<e X<X
(X = T.Y)< (X' - T.Y") T.X <T.X'

Fig. 2. Subtyping refined types

6O Fn:int 6 b :bool OF () : unit O,x: XFz: X
OFVi:int OF Va:int OFVi:int OF V,:int
OFVi+Vs:int O+ Vi >V, :bool

OFVi: X OFVWV:Y OFV: X1 xXs O, XFM:T.Y
OF (Vi,Va): X xY OFmV:X; OFXe:UX)M:X - T.Y
OFVI: X >T.Y OFW:X OFV:X
OrWnVWm:T.Y OFvalV  :T1 X
OFM:T.X O,x:X+FN:T.Y OFV:bool OFM:T.X OFN:T.X
OFletz<=Min N :T...Y OFif V then M else N : T. X
OFM T, X OFM: T, X
O+ fail: ToX OF Mior Ma:Toyro, X
OFV:X X<X OFM :T:X T.X<T.X'
orVv: X' O+M:T.X'

Fig. 3. Refined type system

A computation of type To X will always fail, i.e. produce zero results. One of type
T, X is deterministic, i.e. produces exactly one result. More generally, writing |S|
for the cardinality of a finite set S, a computation of type T. X can only produce
sets of results S such that |S| € [¢], where [¢] C N:

[o] = {0} [1+] ={n|n>1}
[1] = {1} N =N
[01] = {0,1}

Define ¢ < ¢/ < [¢] C [€'] so, for example, 1 < 1+. This order induces a
subtyping relation on refined types, axiomatised in Figure 2. The refined type
assignment system is shown in Figure 3. The erasure map, U(-), takes refined



Effects and Transformations for Non-Deterministic Programs 5

types to simple ones by forgetting the effect annotations:

U(int) = int U(bool) = bool U(unit) = unit
UXXxY)=U(X)xU(Y)
UX—->T.Y)=UX) > U(T.Y)

U(TX) = T(U(X))

Uy : X1, o ohxn: Xp) =21 : U(X1), ..y 20 : U(XR)
Lemma 1. If X <Y then U(X) =U(Y), and similarly for computations. O

The use of erasure on bound variables means that the subject terms of the refined
type system are the same as those of the unrefined one.

Lemma 2. IfOFV : X then UO) -V : U(X), and similarly for computa-
tions. O

It is also the case that the refined system does not rule out any terms from the
original language. Let G(-) be the map from simple types to refined types that
adds the ‘top’ effect N to all computation types, and then

Lemma 3. If I'FV : A then G(I') bV : G(A) and similarly for computations.
O

The interesting part of the refined type system is the use it makes of abstract
multiplication (in the let-rule) and addition (in the or rule) operations on
effects. The definitions are:

01 011+ N +/0 1 011+ N
00 0 0 0 O 0/0 1011+ N
110 1 011+ N 111 1+ 1+ 1+ 1+
01j0 0101 N N 01/01 1+ N 1+ N
1+/0 1+ N 1+ N 1+/1+ 1+ 1+ 1+ 1+
NJO N N N N N|N 1+ N 1+ N

We note some algebraic properties of the abstract operations.

Lemma 4. The + operation is associative and commutative, with 0 as a unit.
The - operation is associative, commutative and idempotent, with 1 as unit and
0 as zero. We also have the distributive law (g1 + €3) - €3 =¢€1 - €3 + €2 - €3. O

The correctness statement concerning the abstract operations that we will
need later is a consequence of a trivial fact about the cardinality of unions:

Al < JAUB| < |A[+|B|
which leads to the following:

Lemma 5. For any €1,e2,

Uaele.], bepesg i | maz(a,b) <n and n < a+0b} Cle1 + e2]
Useger) Ubefesge {n | Vi bi < noand n < Xibi} C [e1 - e2].
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We remark that the abstract operations are an example of the Cousots’ a-y
framework for abstract interpretation [9], and were derived using a little list-of-
successes ML program that computes with abstractions and concretions.

The reader may initially be surprised by the asymmetry of the statement
about multiplication, as the abstract operation is commutative. But this is only
because of the specific sets of cardinalities we are tracking. Indeed, if M produces
a single result and for each z, N(z) produces exactly two results (a case we do
not track), then let x <= M in N produces two results. Conversely, however,
if M produces two results and for each x, N(z) produces a single result, then
let <M in N can produce either one or two distinct results.

2.3 Semantics of Effects

The meanings of simple types are just sets, out of which we will carve the

meanings of refined types as subsets, together with a coarser notion of equality.
We first recall some notation. If R is a (binary) relation on A and @ a relation

on B, then we define relations on Cartesian products and function spaces by

R xQ={((a,b),(a’,V)) € (Ax B) x (Ax B) | (a,a’) € R, (b,d) € Q}
R—Q={(ff)e(A— B)x (A= B) |VY(a,d)€R.(fa, f'd)eQ}

A binary relation on a set is a partial equivalence relation (PER) if it is symmetric
and transitive. If R and ) are PERs, so are R — @ and R x (). Write A4 for
the diagonal relation {(a,a) | a € A}, and a : R for (a,a) € R.

We can now define the semantics of each refined type as a partial equivalence
relation on the semantics of its erasure as follows:

[XT € [UX)] x [UX)]
[int] = Az [bool] = Ap [unit] = A4
[X x Y] =[X]x[Y]
[X = T.Y] = [X] = [T:Y]
[T-X] = {(5,5") | S ~x §" and [S/[X]]| € [e]}
where S ~x S' means Vx € 5,32’ € §’, (z,2") € [X] and vice versa. We define
the quotient by S/[X] = {[z][x] | # € S} where [z][x) = {2’ € U(X) | (2,2') €
[X]}.% Note that if S ~x S’ then S/[X] = S'/[X] and 0 ¢ S/[X].
The intuition for the clause for computation types is that two sets S,S’

are related when they have the same elements up to the notion of equivalence

associated with the refined type X and, moreover, the cardinality of the sets
(again, as sets of Xs) is accurately reflected by e.

4 Tt is tempting to replace S ~x S’ by S/[X] = S'/[X], but S/[X] contains the
empty set when there is an z € S with (z,z) ¢ [X].
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We also extend the relational interpretation of refined types to refined con-
texts in the natural way:

[er: Xu, ooyt Xo] = [Xa] ¥ -+ x [X0]

Lemma 6. For any ©, X and ¢, all of [O], [X] and [T:X] are partial equiva-
lence relations. a

The interpretation of a refined type with the top effect annotation everywhere
is just equality on the interpretation of its erasure:

Lemma 7. For all A, [G(A)] = Apap. O
The following establishes semantic soundness for our subtyping relation:
Lemma 8. If X <Y then [X] C [Y], and similarly for computation types. O

And we can then show the ‘fundamental theorem’ that establishes the soundness
of the effect system itself:

Theorem 1.
1 IfOFV:X, (pp) € [O] then
(@) -V UX)]p, [U@O)FV:UWX)]p) € [X]
2. IfOF M :T.X, (p,p) € [6] then
(@) M TUX)]p [U®O) - M:TUX)) /) € [T:X]

Proof. A largely standard induction; we just sketch the interesting cases.

Trivial computations. Let I' = U(O) and A = U(X). Given (p,p’) € [O] we
need to show

(IF+valV : TA]p, [['FvalV : TA]p) € [T1X]
which means
{[rFV Al (I FVEALp'}) € {(S,9) | S ~x S" and [S/[X]| = 1}

Induction gives ([I' =V : A]p, [+ V : A]p’) € [X], which deals with the - ~x -
condition, and it’s clear that [{[[/"FV : A]]ix7}| = 1.
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Choice. We want firstly that
[ Myor My : TA]p ~x [I'+ My or My : TA]p'
which is
[TE M, :TAlpU[I'F My : TAp ~x [I'F My : TA]p' U+ My : TA]p'

Induction gives [I' + My : TA]p ~x [I' F My : TA]p" and similarly for Mo,
from which the result is immediate. Secondly, we want

[[I'F Myoxr My : TA]p / [X]] € [e1 + &2]
and because quotient distributes over union, this is
[[DE M :TAlp/[X] U [I'F My : TA)p/[X]] € [e1 + €2]

By induction, |[I" + M : TA]p /[X]| € [e1], and similarly for M, so we’re done
by Lemma 5.

Sequencing. Pick y € [I"' F let <= M in N : TB]p. By the semantics of let,
there’s an x € [I' + M : TA]p such that y € [[,z : A+ N : TB](p,z). By
induction on M, there’s an 2’ € [I' M : TA]p' such that (z,2’) € [X]. So
by induction on N, [Ix : A+ N : TB](p,z) ~y [[,x: A+ N : TB](y,2),
and therefore 3y’ € [Iz : A+ N : TB](p/,2') with (y,y') € [Y]. Then as
y €[I'+letx<Min N : TB]p’, we're done.

For the cardinality part, note that

(Uze[[Fl—M TA]]p[[F z: A N:TBJ( ) /Y]
= Uze[[rwf;TA]]p ([Iz:AFN: TB]]( z)/[Y])
= U[x]e[[Fl—M:TA]]p/[[X]] (I AN :TB](p,2)/[Y])

and then since, by induction, |I' = M : TA]p/[X]| € [e1], and also for any
[w] € [T+ M : TALp/[X],

[l z: A N :TB](p,z)/[Y]] € [e2]

we are done by Lemma 5. a

2.4 Basic Equations

The semantics validates all the generic equations of the computational metalan-
guage: congruence laws, 8 and 7 laws for products, function spaces, booleans and
computation types. We show some of these rules in Figure 4. The powerset monad
also validates a number of more specific equations that hold without restrictions
on the involved effects. These are shown in Figure 5: choice is associative, com-
mutative and idempotent with fail as a unit, the monad is commutative, and
choice and failure distribute over let.
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The correctness of the basic congruence laws subsumes Theorem 1. Note that,
slightly subtly, the reflexivity PER rule is invertible. This is sound because our
effect annotations are purely descriptive (Curry-style, or extrinsic in Reynolds’s
terminology [19]) whereas the simple types are more conventionally prescriptive
(Church-style, which Reynolds calls intrinsic). We actually regard the rules of
Figure 3 as abbreviations for a subset of the equational judgements of Figure 4;
thus we can allow the refined type of the conclusion of interesting equational rules
to be different from (in particular, have a smaller effect than) the rules in Figure 3
would assign to one side. This shows up already: most of the rules in Figure 5
are type correct in simple syntactic sense as a consequence of Lemma 4. But the
idempotency rule for choice is not, because the abstract addition is, rightly, not
idempotent. The idempotency law effectively extends the refined type system
with a rule saying that if M has type 7. X, so does M or M.

In practical terms, having equivalences also improve typing allows inferred
effects to be improved locally as transformations are performed, rather than
requiring periodic reanalysis of the whole program to obtain the best results.

3 Using Effect Information

More interesting equivalences are predicated on the effect information. We present
these in Figure 6.

The Fail transformation allows any computation with the 0 effect, i.e. that
produces no results, to be replaced with fail.

The Dead Computation transformation allows the removal of a computa-
tion, M, whose value is unused, provided the effect of M indicates that it always
produces at least one result. If M can fail then its removal is generally unsound,
as that could transform a failing computation into one that succeeds.

The Duplicated Computation transformation allows two evaluations of a
computation M to be replaced by one, provided that M produces at most one
result. This is, of course, generally unsound, as, for example,

let z<val lorval 2inlet y<val lorval 2inval (z +y)
# let x<val lorval 2 inval (z + z).

The Pure Lambda Hoist transformation allows a computation to be hoisted
out of a lambda abstraction, so it is performed once, rather than every time the
function is applied, provided that it returns exactly one result (and, of course,
that it does not depend on the function argument).

Theorem 2. All of the equations shown in Figures 4, 5, and 6 are soundly
modelled in the semantics:

- IfOrV=V":X thenO=V=V":X.
—IfOFM =M :T.X then©®=M=M :T.X.

Proof. We present proofs for the equivalences in Figure 6.
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PER rules (+ similar for computations):
OrV:X OrV=V:X OrVv=vV:.:X orV =V":X
OFV=V:X OrV' =V:X Orv=v":X

OFV=V":X X<X

OFrV=V":X
Congruence rules (extract):
OFVi=V/:int OF Vo =Vy :int OFV =V":X1 x Xy
OF (Vi+Vz) = (W +V3):int OFmV =mV X

O,x: XFM=M:T.Y

OFDz:UX)M)= Mz :UX)M): X - T.Y

B rules (extract):

O,x: XFM:T.Y OFHV:X OFV:X O,x: XFM:T.Y

OF (\z:UX).M)V = M[V/a]: T.Y O letz<valVin M = M[V/z] : T.Y
71 rules (extract):

OFV:X ->TY OFM:T.X

OFV=0M:U(X)Va): X —>T.Y OF (letz<=Minvala) =M :T.X
Commuting conversions:

OFrM:T..Y O6,y:Y+FN:T,X O,2:XFP:T..7Z

OFletz<(lety<MinN)inP=1lety<=Minletz<=NinP: T .cy.c, 2

Fig. 4. Monad-independent equivalences

Dead computation. If welet ' =U(0), A=U(X) and B=U(Y) and (p,p’) €
[©] then we have to show

([IF'+1etz<=Min N :TB]p, [['- N:TB]p) € [1.Y]
which is
Ume[[FI—M:TA]]p[[F7x t AN :TB](p,x) ~y [’ N :TB]p" and
Usetrarzag [0@ s AF N TB(p,2) /Y] € [l

Since for any z, [,z : AF N : TB](p,z) = [I' = N : TB]p, and induction on
M tells us that [[I'F M : TA]p/[X]| > 0, so |[[I'F M : TA]p| > 0, that’s just

[TEN:TB]p~y [[FN:TB]p and |[I'+ N :TB]p/[Y]| € [e]

which is immediate by induction on N.
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Choice:
OFM T, X OF M :Tey X OFM:T.X
OF Mior My = Msor My : T 4c, X OFMorM=M:T.X
OFM T, X OFMy: T, X OFMs:To, X OFM:T.X
O F My or (M2 or M3) = (My or Ma)or M3 : Tey teytes X OF Morfail=M:T.X
Commutativity:

O+-M:T.,.Y OFN:T,X O,x2: X, y:YFP:T,Z

OFletx<=Minlety<=NinP =lety<Ninleta<=Min P : T, oy Z

Distribution:

OF letz<(M;ior Mz)in N = (let x<=M; in N) or (let z<=M> in N)

let r<fail in N = fail

let z<M in (Nior N3) = (let x <=M in Ny) or (let <M in N»)

letx<M infail = fail

Fig. 5. Monad-specific, effect-independent equivalences

Duplicated computation. Let I’ =U(0),A=U(X),B=U(Y) and (p, p') € [O].
We want

Usepargo Uyepar o [N1(0: 2, 9) ~v U cpan, [IN[2/911 (0", )
and |U, cpagp Uyepnro[V1(os 2,y) / [Y]| € [01 - ]

Let a = |[M]p/[X]|- By induction, a € [01]. If @ = 0 then we must have
[M]p = 0 and (also by induction) [M]p’ = 0, so the first clause above is satisfied.
For the second, we just have to check that 0 € [01 - €] for any e, which is true.

If @ = 1 we can pick any z € [M]p and 2’ € [M]p' and know Vy €
[M]p, (z,y) € [X] as well as Vy' € [M]p', (x,y') € [X]. Then by induction
on N and the fact that S ~y S’ implies S U S’ ~y S we have

UweﬂM]]p UyE[[M]]p[[N]](pazvy) ~y [N](p,z,x)
~Y [[Nﬂ(plvxlax/)
~y Upepayy V10, 2", 27)
= Upepp[NIz/yll(0' 2")

For the second part, we get |[N](p,z,z) / [Y]| € [e] by induction, and we then
just need to know that [e] C [01 - €], which is easily checked.
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Fail:
OFM:ToX

OF M =fail : To X

Dead Computation:
OFM:T.X OFN:T.Y

OFletz<=MinN=N:T.Y
Duplicated Computation:

OFM:TyX 6O,z:X,y: XEFN:T.Y

letz<=Minlety<=Min N

or _ let z<=M in N[z /y]

: T01.5Y

Pure Lambda Hoist:
OFM:Tv7Z O,x:X,y: ZFN:T.Y

val (Az : U(X).lety<=M in N)

oF _ let y<M inval (Az: U(X).N) ~

Ti(X = T.Y)

Fig. 6. Effect-dependent equivalences

Pure lambda hoist. Define I' = U(O), A =U(X), B=U(Y), C = U(Z) and
pick (p, p’) € [©]. We need

({* € [41-Uecn, V)02 2) | Usepanye D0 € [ALINIG 2. 2)}) € [T(X = TY)]

Since the first component of the pair above is a singleton, the cardinality con-
straint associated with the outer computation type is easily satisfied. For the ~
part, we look at typical elements of the first and second components above. By
induction on M, we can pick z’ € [M]p’ and we claim that for any such 2/,

()\x € [4]-U.cpan, [NI(p, 2, 2), Az € [ALIN] (o', a:,z’)) €[X - 1.Y]

which will suffice. So assume (z,2") € [X] and we want

(Uze[[M]]p[[N]](pvx7z)7 [[Nﬂ(p/7$/,zl)> € [[TEY]]

The cardinality part of the above is immediate by induction on N. If y is
an element of the union, then y € [N](p,x,2) for some z € [M]p. But then
(2,2) € [Z] because |[M]p/[Z]| =1, so 3y" € [N](p',a’, 2") with (y,y') € [Y].
Conversely, if y' € [N](p/,2',2’) then for any z € [M] there’s y € [N](p, z, z)
with (y,y") € [Z], so the two expressions are in the ~z relation, as required. O
For example, if we define

fi=Ag:unit —» Tint.letz<g()inlety<g()invalx +y
fo=Ag:unit — Tint.letz<g()invalx +
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then we have b f; = fo : (unit — Toiint) — Tpyint and hence, for example,
F (val f1)or(val fo) = val fo:Ti((unit — Toyint) — Tp1int).
Note that the notion of equivalence really is type-specific. We have
t fi = fo: (unit — Tyint) — Tyint

and that equivalence indeed does not hold in the semantics, even though both
f1 and fo are related to themselves at (i.e. have) that type.

FExtensions. The syntactic rules can be augmented with anything proved sound
in the model. For example, one can add a subtyping rule 7T3.X < T3 X for any
X such that [[UX]/[X]| = 1. Or one can manually add typing or equational
judgements that have been proved by hand, without compromising the general
equational theory. For example, Wadler [20] considers parsers that we could give
types of the form P.X = string — T.(X X string). One type of the alternation
combinator

let (v,s')<p1s inval (inlw, s')

alt(p1,p2) = As : string. or let (v,s')<pasinval (inrv,s’)

is Py1 X X PpY — Py(X +Y). But if we know that p; : Po1 X and po : Pn1Y
cannot both succeed on the same string, then we can soundly ascribe alt(p1, p2)
the type Po1(X +7Y).
A further extension is to add pruning. One way is
I'-M,:TA I'M,:TA

I'+ Morelse M, : TA

LI Myorelse My : TAlp = { [I" & M, : T A]p otherwise

with refined typing
OFM T, X OFM;:T,X
O F Mjyorelse My : T, e, X

where €1 > €9 is defined to be e + €9 if 0 < g7 and ¢; otherwise.

4 Discussion

We have given an elementary relational semantics to a simple effect system for
nondeterministic programs, and shown how it may be used to establish effect-
dependent program equivalences. Extending the ideas to richer languages or
slightly different monads should be straightforward. One can also enrich the ef-
fect language itself, for example by adding conjunctive refinements and effect
polymorphism, as we have done previously [17]. The simple style of effect sys-
tem presented here seems appropriate for fairly generic compilation of a source



14 Benton, Kennedy, Hofmann and Nigam

language with a pervasively non-deterministic semantics, but for which much
code could actually be expected to be deterministic. For serious optimization
of non-trivially non-deterministic code, one would need to combine effects with
refinements on values, to formalize the kind of reasoning used in the parser
example above.

Non-determinism monads are widely used to program search, queries, and
pattern matching in functional languages. In Haskell, the basic constructs we
use here are abstracted as the MonadPlus class, though different instances sat-
isfy different laws [1]. Several researchers have studied efficient implementations
of functional non-determinism and their various equational properties [12,10].
Static analysis of functional non-determinism is not so common, though Kammar
and Plotkin have developed a general theory of effects and effect-based transfor-
mations, based on the theory of algebraic effects [13]. Non-determinism is just
one example of that theory, and Kammar and Plotkin establish very similar
equational laws to the ones presented here. Katsumata also presents a general
theory of effect systems, using monoidal functors from a preordered monoid (the
effect annotations) to endofunctors on the category of values [14]. Katsumata’s
theory is more general than ones which require each 7. to be a monad in its
own right, and such generality would be needed here if we were to track slightly
more refined cardinalities (e.g. things of size two), as the abstract multiplication
would no longer be idempotent (or commutative). Our very concrete approach
to particular effects is by comparison, perhaps rather unsophisticated. On the
other hand, the elementary approach seems to scale more easily to richer effect
systems, for example for concurrency [3].

Logic programming.
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